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Similarity Transformations

X = Ax+ Bu ) . X = AXx+bu
XeR"ueR", yeR"
y =Cx+ Du y=CcxX+du

Now consider the transformation to new states z, defined by
Xx=Tz< z2=T'X
Tz=ATz+Bu z=T7'ATz+T 'Bu
y=CTz+Du ~ y=CTz+ Du

so that,

SR A TAT, B =T!B,C" =CT,D =D
y=Cz+Du




Eigenvalues & Eigenvectors

Consider the square nxn matrix A as a map fromR" to R", i.e.,
y = AX
Does there exist a nontrivial input vector h, such that the output vectory,
points in the same direction as h, i.e., y = Ah, A where is some scalar?
Ah = 4h
Let's try to solve for h
[A1 = A]h =0= A nontrivial solution exists iff det| Al — A]=0.

Characteristic polynomial ¢(1)=det[ Al —A]=2"+a, A"+ +
¢(A)=0hasn roots {4,...,4,}, possibly complex, possibly repeated.

Choose one, say 4, i €{4,...,4,} and find the corresponding h,
[Z1-A]h =0
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Example 1 (distinct roots)

A+5 -3

A:{_; i}:det[il—A]:de{ 4 i+5}:(z+5)2—9

$(1)=2°+101+16=(1+2)(A1+8)=> |}, =-2,4, =-8

—2+5 3 |||
e[ 2

3n,+3n,=0 ~ " 7 1™

~377, 31, =0 -1
-8l -Alh, = =>n=-1n=h=
[ ]hl 3,-31, =0 ==, 2 ,




Example 2 (repeated roots)

A:{_5 O}:det[il—A]:detFJrS ’ }:(ms)2
0 -5 0 A+5

#(2)=(A+5)(A+5)=[4 =-51,=-5

5+5 0 |[n| -
—5] - 0= = 0 satisfied for an ,
[-51 - Alh, = { ) _5+5}L72_ Y 1.7,

n, B 1 B 0
hLZ:L?j Choose hl_{o},hz_{l




Diagonal Form

A A, - A <eigenvalues
h h, --- h <« independenteigenvectors

Té[h1 h, - hn]

=A=[h h - h] Al h - h]
=[h, h, - hn]_l[Ahl Ah, - Ah]
=[h h, - hTT[AN AN, - Ah]

eigen-system of A:

'21 0O --- 0]

» 0 A4, .

“[h b o R oR e n]
0o - 0 A

P A decoupled system
of n 15t order ode’s




Example >> A=[3 2 1;4 5 6;1 2 3];

>> [V,D]=eig(A)

V =
: -0.3482 -0.8581
Define A -0.8704 0.1907
-0.3482  0.4767
Compute eigensystem ~ ° ~
9.0000 0
0] 2.0000
o 0 0
Check similarity trans —. >> inv(v)*A*v
ans =
] 9.0000 -0.0000
Use linear solve rather -0.0000  2.0000
than inv L os v OO0
ans =

9.0000 -0.0000
-0.0000 2.0000

-0.0000 -0.0000

-4082
-8165
-4082

-0000

-0000
-0000
-0000
-0000

-0000



Modal Coordinates, 1

Consider the system in diagonal form. The z coordinates are referred

to as ‘'modal coordinates'.
2. =Az,+b u,i=1...,n

Suppose we solve these equations to obtain z; (t),i=1,...,n, the we
can obtain the solution in the original coordinates via

x(t)=Tz(t)=[h h,

h, ]

z,(t)
Zz(t)

B0l

=hz (t)+h,z,(t)+---+hz, (1)

Notice that each term h.z (t) describes a motion that takes place in the

line defined by h..




Model Coordinates, 2




Modal Coordinates, 3

Suppose the system is unforce, u (t) =0

The initial conditions for the modal coordinates are z, =T X,
The solution is

z,(t)=e"zy,,i=1...,n
x(t)=he*zy, +--+he~z,

The modes are the vector time functions he™ , h is the mode shape.

The solution is a linear combination of the modes.

If A isreal, so is h. and the modal response is a simple exponential.

If there are n linearly independent eigenvectors, then the set of solutions
{he, ... he™|

Is called a fundamental set of solutions. Any solution to the homogeneous
equation X = Ax is a linear combination of the fundamental solutions.







Example Cont’d

>> A=[-1 1;2 -3];
>> [E,V]=eig(A)

E =
0.8069  -0.3437
0.5907 0.9391
V =
-0.2679 0
o) -3.7321
1 0.8069
slow mode: 4, =-0.2679, h, =
1 0.5907

fast mode: A, =-3.7321, h, =

—0.3437
- 0.9391




Example, Cont’d

Slow mode




Complex Modes, 1

If the an eigenvalue A Is complex, the so is the eigenvector h..
To make things easier to interpret, we can construct real ones.

Suppose 4, = o + jw is a complex eigenvalue, and A, = 4, . Then
the corresponding eigenvectors are h,,h, = h,. Correspondly,

the two fundamental solutions are he™* ,h'e*'. They are complex.
We will replace them with real ones.
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Complex Modes, 2

Define
X, (t) = %(hleﬂlt - hl*e‘ft)

1( (hyg + Jhy, Je™ (cosat + jsin at)

2| +(hyg — jhy, )e™ (cos et — jsinet)
=h, ;e” coswt —h, ,e” sin wt

1 * 2% .
X, (t) = E(—hleﬂit + hle‘”) =h, e’ sinwt +h, e’ cos wt




Example

X=V

N N

>> A=[0 1;-4 -0.5];
>> [E,V]=ei1g(A)

E =
0.0559 + 0.44371 0.0559
-0.8944 -0.8944
V =
-0.2500 + 1.98431 0

o) -0.2500

% T mV = —CV — kx

- 0.44371

- 1.98431

m=1Lk=4,c=1/2

d{x|] [0 1

a{v_ ] {—4 0.5
0.0559

M = {—0.8944]

0.4437
o

|

X
V

|



Lateral Dynamics: Boeing 747
(cruise @ 40,000 ft)

>> A=[-0.0558 -0.997 0.0802 0.0415

0.598 -0.1150 -0.0318 0 S
-3.05 0.388 -0.465 O .
0. 0.0805 1. 0];
P
Eigenvectors &

0.1994 - 0.1063i 0.1994 + 0.1063i -0.0172  0.0067
-0.0780 - 0.1333i -0.0780 + 0.1333i -0.0118 0.0404
-0.0165 + 0.6668i -0.0165 - 0.6668i -0.4895 -0.0105
0.6930 0.6930 0.8717  0.9991

Eigenvalues

-0.0329 + 0.9467i -0.0329 - 0.9467i -0.5627 -0.0073

AN ‘ .

Dutch roll
Roll

Spiral




Dutch Roll & Spiral Modes

Tail-wagging

o

" Dutch roll"

Disturbed condition

* Undisturbed condition

UNIVERSITY

Initial
flight
path

Insufficient directional
»—‘/—

stability

(2) Directional
divergence
(airplane may
vaw broadside to

wind)

Excessive directional
stability, poor lateral
stability

Airplane disturbed

(o) Spiral in sideslip
divergence
{Bank angle increases Original

and causes greater and

greater sideslip) flight condition



Longitudinal Dynamics:
Boeing 747 (cruise@20,000ft)

>> A=[-0.00643 0.0263 0 -32.2 .
-0.0941 -0.624 820 0 V
-0.000222 -0.00153 -0.668 O

0 0 1 0]; g
Eigenvectors 6
-0.0124 + 0.0040i  -0.0124 - 0.0040i 0.9894 0.9894 —
-0.9999 -0.9999 -0.1451 + 0.0005i -0.1451 - 0.0005i

0.0000 - 0.0014i 0.0000 + 0.0014i 0.0000 - 0.0000i  0.0000 + 0.0000i
-0.0009 + 0.0005i -0.0009 - 0.0005i -0.0002 - 0.0003i -0.0002 + 0.0003i

Eigenvalues

-0.6463 + 1.1211i -0.6463 -1.1211i -0.0030 + 0.0098i -0.0030 - 0.0098i

T~ ™~

Short period Phugoid




Phugoid and Short-period
Modes

e e Slow rise and fall of airp lane ;o
. and changing speeds Minimum speed

remains tangent
to flight path

Maximum speed

(a) Phugoid longitudinal oscillation.

short period
angle-of-attack
variation

e e el e i e
(b) Short-period longitudinal oscillation.




Longitudinal Dynamics AFTI-
16 (landing Configuration)

>> A=[-0.0507

-0.00117
-0.000129

0

0.9943
0.0633
-0.0740
0.0434

-1.7036

-3.861
-0.5164
1.4168

0

0.9995
-0.0142
-0.0165
-0.0226

0.7310

-0.0003 - 0.0064i

0  -32.2 AV
1 0 Aa
-0.4932 0
1 0l g
i 6

1.0000
0.0005 + 0.0003
0.0013 + 0.0002i

1.0000

0.0005 - 0.0003i
0.0013 - 0.0002i
-0.0003 + 0.0064i

-0.0438 + 0.2066i1  -0.0438 - 0.2066i




Summary

e Similarity transformations

e Diagonalization using Eigenvectors

e Modes & Modal coordinates

e Interpreting behavior in terms of modes

e Converting complex modes into real ones
e Lateral — Dutch roll and spiral modes

e Longitudinal — phugoid and short period
modes
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