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Outline

 Similarity Transformations
 Eigenvalues & Eigenvectors
 Modal Coordinates
 Real & Complex Modes
 Lateral Dynamics: Dutch roll, roll and spiral 

modes
 Longitudinal Dynamics: Phugoid and Short-

period modes



Similarity Transformations
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Eigenvalues & Eigenvectors
Consider the square  matrix  as a map from  to , i.e.,

Does there exist a nontrivial input vector , such that the output vector ,  
points in the same direction as ,  i.e., ,  where is 
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some scalar?

Let's try to solve for 
0 A nontrivial solution exists iff det 0.
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Example 1 (distinct roots)
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Example 2 (repeated roots)
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Diagonal Form
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of  n 1st order ode’s



Example >> A=[3 2 1;4 5 6;1 2 3];
>> [V,D]=eig(A)
V =

-0.3482   -0.8581    0.4082
-0.8704    0.1907   -0.8165
-0.3482    0.4767    0.4082

D =

9.0000         0         0
0    2.0000         0
0         0   -0.0000

>> inv(V)*A*V
ans =

9.0000   -0.0000   -0.0000
-0.0000    2.0000   -0.0000
-0.0000   -0.0000   -0.0000

>> V\A*V
ans =

9.0000   -0.0000    0.0000
-0.0000    2.0000         0
-0.0000   -0.0000    0.0000

Define A

Compute eigensystem

Check similarity trans

Use linear solve rather 
than inv



Modal Coordinates, 1
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Consider the system in diagonal form. The  coordinates are referred
to as .
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 in the original coordinates via

Notice that each term  describes a motion that takes place in the 
line defined by .
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Model Coordinates, 2
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Modal Coordinates, 3
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Suppose the system is unforce, 0

The initial conditions for the modal coordinates are 
The solution is
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Example
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Example Cont’d
>> A=[-1 1;2 -3];
>> [E,V]=eig(A)
E =

0.8069   -0.3437
0.5907    0.9391

V =

-0.2679         0
0   -3.7321

1 1

2 2

0.8069
slow mode: 0.2679,

0.5907

0.3437
fast mode:  3.7321,

0.9391
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Example, Cont’d

0 90 30 50 8
Slow mode

Fast mode



Complex Modes, 1
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If the an eigenvalue  is complex, the so is the eigenvector .
To make things easier to interpret, we can construct real ones.
Suppose  is a complex eigenvalue, and . Then
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the two fundamental solutions are , . They are complex.
We will replace them with real ones. 

t t

h h h

h e h eλ λ

=



Complex Modes, 2
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Example
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1, 4, 1/ 2
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>> A=[0 1;-4 -0.5];
>> [E,V]=eig(A)
E =

0.0559 + 0.4437i   0.0559 - 0.4437i
-0.8944            -0.8944          

V =
-0.2500 + 1.9843i        0          

0            -0.2500 - 1.9843i



Lateral Dynamics: Boeing 747 
(cruise @ 40,000 ft)
>> A=[-0.0558    -0.997      0.0802    0.0415

0.598      -0.1150   -0.0318    0 
-3.05         0.388     -0.465      0
0.             0.0805      1.            0];

Eigenvectors 

0.1994 - 0.1063i     0.1994 + 0.1063i     -0.0172      0.0067          
-0.0780 - 0.1333i    -0.0780 + 0.1333i     -0.0118      0.0404          
-0.0165 + 0.6668i    -0.0165 - 0.6668i     -0.4895     -0.0105         
0.6930                     0.6930                      0.8717      0.9991

Eigenvalues

-0.0329 + 0.9467i     -0.0329 - 0.9467i     -0.5627     -0.0073

r
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φ
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Dutch Roll & Spiral Modes



Longitudinal Dynamics: 
Boeing 747 (cruise@20,000ft)
>> A=[-0.00643      0.0263        0       -32.2

-0.0941       -0.624      820          0
-0.000222   -0.00153     -0.668   0

0                 0                 1          0];

Eigenvectors
-0.0124 + 0.0040i      -0.0124 - 0.0040i     0.9894                     0.9894 
-0.9999                     -0.9999                   -0.1451 + 0.0005i    -0.1451 - 0.0005i
0.0000 - 0.0014i       0.0000 + 0.0014i     0.0000 - 0.0000i      0.0000 + 0.0000i

-0.0009 + 0.0005i     -0.0009 - 0.0005i     -0.0002 - 0.0003i     -0.0002 + 0.0003i

Eigenvalues
-0.6463 + 1.1211i    -0.6463 - 1.1211i     -0.0030 + 0.0098i    -0.0030 - 0.0098i

u
v
q
θ
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Short period Phugoid



Phugoid and Short-period 
Modes



Longitudinal Dynamics AFTI-
16 (landing Configuration)

>> A=[-0.0507           -3.861        0        -32.2
-0.00117        -0.5164       1           0
-0.000129       1.4168      -0.4932   0

0                   0                 1           0];

0.9943             0.9995             1.0000                      1.0000
0.0633            -0.0142             0.0005 + 0.0003       0.0005 - 0.0003i

-0.0740            -0.0165             0.0013 + 0.0002i      0.0013 - 0.0002i
0.0434            -0.0226            -0.0003 - 0.0064i      -0.0003 + 0.0064i

-1.7036             0.7310              -0.0438 + 0.2066i     -0.0438 - 0.2066i

V

q
α

θ

∆ 
 ∆ 
 
 
 



Summary

 Similarity transformations
 Diagonalization using Eigenvectors
 Modes & Modal coordinates
 Interpreting behavior in terms of modes
 Converting complex modes into real ones
 Lateral – Dutch roll and spiral modes
 Longitudinal – phugoid and short period 

modes
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